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z-Transform Properties 

• For the remaining lecture assume the following: 

𝑥 𝑛
𝑍
 𝑋 𝑧 ,    𝑅𝑂𝐶 = 𝑅𝑥 

 Here 𝑅𝑥 represents a set of values of 𝑧 such that 𝑟𝑅 < 𝑧 < 𝑟𝐿 

• For two sequences, the 𝑧-transform pairs are: 

𝑥1 𝑛
𝑍
 𝑋1 𝑧 , 𝑅𝑂𝐶 = 𝑅𝑥1  

𝑥2 𝑛
𝑍
 𝑋2 𝑧 , 𝑅𝑂𝐶 = 𝑅𝑥2  
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z-Transform Properties 

1. Linearity 

𝑎𝑥1 𝑛 + 𝑏𝑥2 𝑛
𝑍
 𝑎𝑋1 𝑧 + 𝑏𝑋2 𝑧 , 𝑅𝑂𝐶 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑅𝑥1 ∩ 𝑅𝑥1  

• The case of pole-zero cancellation 

• ROC may be larger than the overlap. 

• E.g., when 𝑥1[𝑛] and 𝑥2[𝑛] are of infinite duration but the linear combination 
is of finite duration (ROC is the entire z-plane) 

• The case of no pole-zero cancellation 

• ROC will be exactly equal to the overlap of the individual ROCs. 
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z-Transform Properties 

2. Time Shifting 

𝑥[𝑛 − 𝑛0]
𝑍
 𝑧−𝑛0𝑋(𝑧) 

𝑅𝑂𝐶 = 𝑅𝑥(𝑒𝑥𝑐𝑒𝑝𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑜𝑟 𝑑𝑒𝑙𝑒𝑡𝑖𝑜𝑛 𝑜𝑓 𝑧
= 0 𝑜𝑟 𝑧 = ∞) 

 

• 𝑛0 is an integer 
• When it is positive, the sequence 𝑥[𝑛] is shifted right 

• When it is negative, the sequence 𝑥[𝑛] is shifted left. 

• The ROC can change depending on the poles and zeros. 

• This property is often useful for obtaining the inverse z-transform. 

Dr. Shadan Khattak 

Department of Electrical Engineering 

CIIT - Abbottabad 

 



z-Transform Properties 

2. Time Shifting 

Example 3.14 (Shifted Exponential Sequence) 
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z-Transform Properties 

3. Multiplication by an Exponential Sequence 

𝑧0
𝑛𝑥 𝑛

𝑍
 𝑋

𝑧

𝑧0
 

𝑅𝑂𝐶 = 𝑧0 𝑅𝑥 

• The ROC is 𝑅𝑥 scaled by 𝑧0  
• If 𝑅𝑥 is the set of values of 𝑧 such that 𝑟𝑅 < 𝑧 < 𝑟𝐿,  

• then 𝑧0 𝑅𝑥 is the set of values of 𝑧 such that 𝑧0 𝑟𝑅 < 𝑧 < 𝑟𝐿 𝑧0  

• If 𝑋(𝑧) has a pole at 𝑧 = 𝑧1, then 𝑋(𝑧0
−1𝑧) will have a pole at 𝑧 = 𝑧0𝑧1. 

• If 𝑧0 is a positive real number, 

• The scaling can be interpreted as a shrinking or expanding of the z-plane i.e., the pole and zero locations 
change along radial lines in the z-plane.  

• If 𝑧0 is complex with unity magnitude, so that 𝑧0 = 𝑒
𝑗𝜔0, the scaling corresponds to a rotation in the z-plane 

by an angle of 𝜔0 i.e., the pole and zero locations change in position along circles centred at the origin.  

• Can be interpreted as a Frequency shift or translation, associated with modulation in time domain by complex 
exponential sequence 𝑒𝑗𝜔0𝑛 
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z-Transform Properties 

3. Multiplication by an Exponential Sequence 

Example 3.15 (Exponential Multiplication) 
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z-Transform Properties 

4. Differentiation of 𝑿(𝒛) 

𝑛𝑥 𝑛
𝑍
 − 𝑧

𝑑

𝑑𝑧
𝑋 𝑧  

𝑅𝑂𝐶 = 𝑅𝑥 
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z-Transform Properties 

4. Differentiation of 𝑿(𝒛) 

Example 3.17 (Second order pole) 
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z-Transform Properties 

5. Conjugation of a Complex Sequence 

𝑥∗[𝑛]
𝑍
 𝑋∗(𝑧∗) 

𝑅𝑂𝐶 = 𝑅𝑥 
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z-Transform Properties 

6. Time Reversal 

𝑥 −𝑛
𝑍
 𝑋 

1
𝑧

 

 

𝑅𝑂𝐶 = 1/𝑅𝑥 
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z-Transform Properties 

6. Time Reversal 

Example 3.18 
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z-Transform Properties 

7. Convolution of Sequences 

𝑥1 𝑛 ∗ 𝑥2 𝑛
𝑍
 𝑋1(𝑧)𝑋2(𝑧) 

𝑅𝑂𝐶 contains 𝑅𝑥1 ∩ 𝑅𝑥2  

• The z-transform of the O/P of an LTI system is the product of the z-transform of 
the I/P and the z-transform of the impulse response.  

• The z-transform of the impulse response of an LTI system is typically referred to 
as the system function. 
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z-Transform Properties 

7. Convolution of Sequences 

Example 3.19 (Convolution using z-transform) 
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z-Transform Properties 

8. Initial Value Theorem 

If 𝑥[𝑛] is zero for 𝑛 < 0 (i.e., if 𝑥[𝑛] is causal), then 
𝑥 0 = lim

𝑧→∞
𝑋(𝑧) 
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z-Transform Properties 
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Suggested Reading 

Section 3.4 (Oppenheim) 
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Practice Problems 

Problems: 3.2, 3.8, 3.9 
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