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Discrete Fourier Transform

* Discrete Fourier Transform (DFT) corresponds to samples, equally
spaced in frequency, of the Fourier transform of a finite-duration

signal.

 Unlike Discrete Time Fourier Transform (DTFT), DFT Is a sequence
rather than a function of a continuous variable.

* DFT Is important for the implementation of DSP algorithms since
there exist efficient algorithms for its computation.

* The Fourier series representation of the periodic sequence corresponds
to the DFT of the finite length sequence.
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Discrete Fourier Transform

Analysis Equation

Synthesis Equation

1 ~—N-1 e
x[n] =— X[kIWy
N £ay—o
Where
2T
Wy =e 'V

DFT
x[n] «— X[k]
» The DFT X[k] is equal to samples of the periodic Fourier transform X (e/®)
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Discrete Fourier Transform

Example 8.7 (DFT of a Rectangular Pulse) -|][]]]] [H ] H ] H] ] HH -
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Discrete Fourier Transform e HH_*_HLU S —
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Discrete Fourier Transform

(Selected) Properties of DFT

1. Linearity
2. Circular Shift
3. Circular Convolution
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Discrete Fourier Transform (Properties)

1. Linearity

* |f two finite duration sequences x4 [n] and x,[n] are linearly combined
Le., If

x3|n] = ax;[n] + bx,[n]

then, the DFT of x3[n] Is
Xslk] = aXilk] + bX, k]
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Discrete Fourier Transform (Properties)

1. Linearity

* If x,[n] has length N; and x,[n] has length N, then the maximum length of
x3[n Wl” be N3 — maX[Nl, 2 -

* Hence, both DFTs must be computed with the same length N > Nj.
* If N; < N,, then X; [k] must be augmented by (N, — N;) zeros.
* That is, the N, — point DFT of x,[n] Is

Ny—1
Xl[k]zz 0 xa [n]Wy, " 0<k<N,—1
n=
* And the N, — point DII\?T g)f x,[n] Is
i
X, [k] :z O xa [n] Wy, " 0<k<N,—1
n=
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Discrete Fourier Transform (Properties)

1. Linearity
In summary, If

DFT
x1[n] e X;[k]
And
DFT
x,[n] «— X, [K]
Then

DFT
axq|n] + bx,[n] «— aX{|k] + bX,[k]
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Discrete Fourier Transform (Properties)

2. Circular Shift of a Sequence
|f

X[l = x[((n —m)) )

Then
Xq [k] — WNka[k]
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Discrete Fourier Transform (Properties)

2. Circular Shift of a Sequence

Example
m= —2 i ]
N=6 |

x1[n] = x[((n + 2))6] ._._._._.+.4[ | ‘ [ I 1;,:_*__444#_ -

|:| il

xyl|n| = Tl =p=N_1

h......”l]IT]L*+++++;;
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Discrete Fourier Transform (Properties)

2. Circular Shift of a Sequence

Example 8.8
If x,[n] = x[((n — 4))6]
Then X, [n] = x4|n]

Because, generally,
WNmk — WN —(N—m)k

* That is, an N — point circular shift in one direction by m is the same
as a circular shift in the opposite direction by N — m
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Discrete Fourier Transform (Properties)

3. Circular Convolution
X3 In

N-1

il =) ul(m)y

m=f_q

xsn] = me (m]x,

x3[n

= x1[n]®x;[n]

x,[((n —m))y]
((n—m))nl,

_ DFT

> Xq[k] X [k]

)

0<n<N-1

0<n<N-1
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Discrete Fourier Transform (Properties)

3. Circular Convolution

Example 8.11
Case 1: N=L (Circular Convolution)

Case 2. N=2L  (Linear Convolution)
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x|n]

x1[n]. x2[n]
axy[n) + bx;|n|
X|n]

x[((n = m))n]
Wy " xn)

N-1

7. Z x(m)xa|((n — m)y]

m=0

N AN e

8. xi[n)x2ln]

9. x*In]

10, x*[((-=m)N)

11, Reix[n])

12, jTImix[n))

13, xeplnl = Hxln] + x*[((=m)x])

4. xopln) = Hxln] = x*[((=n)N]}
Properties 15-17 apply only when x[n] is real.

15. Symmetry properties

16, xepln] = 1 (xln] + x[((=m)x]}
17, xopln] = ix[n] = x[((=n))N]}

X1k

Xi[k]. X2[k]

a Xy |k] + bX2[k)
Nx[((=k)w)
Wy X (k)
X[((k—)w)

X\ k] X2[k]

N-1
N3 XXk = ]

=0
X*[((=k))
X*1k]
Xeplk] = X [(G)N]) + X*[((—K)N])
Xoplkl = HX[((K)x] = X* (K]}
Re( X[k])

jTm{ X [k]}

X[k] = X*[((~K)N)
Re(X[k|} = Re{ X]((—k))n])
TIm(X[k]} = = Tm{X[((=k))~])
[ X[k = |XT((=K)N]|
XK} = =< X[((~k)N]H

Re( X[k])
JIm{ X [k])




Practice Problems

Problems: 8.5, 8.6, 8.10, 8.11, 8.13, 8.14.




