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Reconstructing 𝒙𝒄(𝒕) from samples 𝒙[𝒏] 

• Given, x[n], first, form an impulse train 𝑥𝑠(𝑡) in 
which successive impulses are assigned an area 
equal to successive sequence values i.e., 

𝑥𝑠 𝑡 = 𝑥[𝑛]𝛿(𝑡 − 𝑛𝑇)
∞

𝑛=−∞
 

𝑥𝑟 𝑡 = 𝑥𝑠 𝑡 ∗ ℎ𝑟 𝑡  

𝑥𝑟 𝑡 = 𝑥[𝑛]𝛿(𝑡 − 𝑛𝑇) ∗ ℎ𝑟 𝑡
∞

𝑛=−∞
 

𝑥𝑟 𝑡 =  𝑥[𝑛]ℎ𝑟 𝑡 − 𝑛𝑇
∞
𝑛=−∞  (11) 

• We need to define ℎ𝑟(𝑡).  

• We will do this in the next couple of slides. 
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Reconstructing 𝒙𝒄(𝒕) from samples 𝒙[𝒏] 

The Ideal Reconstruction Filter 𝑯𝒓(𝒋𝜴)  
• Gain of T 
• Cut-off frequency Ω𝑐  𝑏𝑒𝑡𝑤𝑒𝑒𝑛 Ω𝑁 𝑎𝑛𝑑 Ω𝑠 − Ω𝑁 

• A convenient choice of Cut-off frequency Ω𝑐 =
Ω𝑠

2
=
𝜋

𝑇
 

• We know that, 

 
𝑠𝑖𝑛𝑊𝑡

𝜋𝑡

𝐶𝑇𝐹𝑇
 
1,    𝜔 < 𝑊
0,    𝜔 > 𝑊

 

• Here, 𝑊 =
𝜋

𝑇
 

• In Eq. (11), ℎ𝑟 𝑡  is the inverse CTFT of 𝐻𝑟(𝑗Ω). 

• So,  

ℎ𝑟 𝑡 =
sin
𝜋𝑡
𝑇
𝜋𝑡
𝑇

(12) 
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Reconstructing 𝒙𝒄(𝒕) from samples 𝒙[𝒏] 

The Reconstructed Signal 𝒙𝒓(𝒕)  

The reconstructed signal 𝑥𝑟(𝑡) can be written in terms of the samples 
𝑥 𝑛  and the impulse response of the ideal reconstruction filter ℎ𝑟 𝑡 . 

 

Putting Eq. (12) into Eq. (11), 

 𝑥𝑟 𝑡 =  𝑥 𝑛
sin [𝜋

𝑡−𝑛𝑇

𝑇
] 

𝜋 𝑡−𝑛𝑇

𝑇

∞
𝑛=−∞   (13) 
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Reconstructing 𝒙𝒄(𝒕) from samples 𝒙[𝒏] 
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Frequency domain representation 

• In the previous lecture, we saw that 

 if,   𝑥 𝑛 = 𝑥𝑐(𝑛𝑇) 

 where,  𝑋𝑐 𝑗Ω = 0 for Ω ≥ 𝜋/𝑇 

 then,   𝑥𝑟 𝑡 = 𝑥𝑐(𝑡) 
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Frequency domain representation 

Consider the CTFT of Eq. (11) 

𝑋𝑟 𝑗Ω =  𝑥𝑟

∞

−∞

(𝑡)𝑒−𝑗Ω𝑡𝑑𝑡 

Putting the value of 𝑥𝑟(𝑡) from Eq. (11) 

𝑋𝑟 𝑗Ω =   𝑥[𝑛]ℎ𝑟 𝑡 − 𝑛𝑇
∞

𝑛=−∞

∞

𝑡=−∞

𝑒−𝑗Ω𝑡𝑑𝑡 

𝑋𝑟 𝑗Ω = 𝑥[𝑛] ℎ𝑟 𝑡 − 𝑛𝑇 𝑒
−𝑗Ω𝑡

∞

𝑡=−∞

𝑑𝑡
∞

𝑛=−∞
 

Using the time shift property of CTFT, 

 ℎ𝑟 𝑡 − 𝑛𝑇 𝑒
−𝑗Ω𝑡

∞

𝑡=−∞

𝑑𝑡 = 𝐻𝑟(𝑗Ω)𝑒
−𝑗Ω𝑛𝑇 

So, 

𝑋𝑟 𝑗Ω = 𝑥 𝑛 𝐻𝑟(𝑗Ω)𝑒
−𝑗Ω𝑇𝑛

∞

𝑛=−∞
 

𝑋𝑟 𝑗Ω = 𝐻𝑟 𝑗Ω 𝑋(𝑒
𝑗Ω𝑇)  (14) 
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Frequency domain representation 

• 𝑋(𝑒𝑗𝜔) is frequency scaled (i.e. 𝜔 is replaced by ΩT). 

• The output of the ideal 𝐷/𝐶 converter is always band-limited to at 
most the cut-off frequency of the LP filter, which is usually chosen as 
one-half the sampling frequency. 



Reading 
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Section 4.3 (Oppenheim) 



Practice Problems 
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Problem 4.24 (Oppenheim) 


