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Up-Sampling (Increasing the Sampling Rate) 

• The objective is to obtain samples 𝑥𝑖 𝑛 = 𝑥𝑐(𝑛𝑇
′) from the sequence 

of samples 𝑥 𝑛 = 𝑥𝑐(𝑛𝑇) where 𝑇′ = 𝑇/𝐿 where 𝐿 is a positive 
integer.  

• The operation of increasing the sampling rate is called upsampling. 

𝑥𝑖 𝑛 = 𝑥
𝑛

𝐿
= 𝑥𝑐 𝑛

𝑇

𝐿
,    n = 0,±𝐿,±2𝐿… 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

• A general system for up-sampling by a factor of L is shown below. 

 

 

 

 

 

• The system on the left: Expander  (or Sampling rate expander) 

𝑥𝑒 𝑛 =  
𝑥
𝑛

𝐿
,    𝑛 = 𝑘𝐿,    𝑘 ∈ 𝑍

0,                                    𝑒𝑙𝑠𝑒
 

 Equivalently, 

𝑥𝑒 𝑛 =  𝑥 𝑘 𝛿[𝑛 − 𝑘𝐿]∞
𝑘=−∞  (38a) 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

• A general system for up-sampling by a factor of L is shown below. 

 

 

 

• The system on the right: DT LPF with COF = 𝜋/𝐿 and gain 𝐿 

• Such a system is called an interpolator, and  

• Up-sampling is therefore considered as interpolation.  
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

• Taking the DTFT of Eq. (38a), 

𝑋𝑒 𝑒𝑗𝜔 =   𝑥 𝑘 𝛿 𝑛 − 𝑘𝐿∞
𝑘=−∞ 𝑒𝑗𝜔𝑛∞

𝑛=−∞    (39) 

𝑋𝑒 𝑒𝑗𝜔 = 𝑋 𝑒
𝑗𝜔𝐿   (40) 

• Up-sampling contracts the DTFT by a factor of 𝐿. 

• This can cause aliasing in high frequencies. 

• To remove aliasing, we can low-pass filter 𝑥𝑒[𝑛], by applying an ideal low-pass 
filter 

𝐻𝑒 𝑒𝑗𝜔 =  
𝐿, 𝜔 < 𝜋/𝐿

0,
𝜋

𝐿
≤ 𝜔 ≤ 𝜋
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Ω𝑠 = 2Ω𝑁 

Ω𝑁 =
1

2
Ω𝑠 

 
𝜔𝑁 = 𝜋 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Interpolation Formula for 𝑥𝑖[𝑛] in terms of 𝑥[𝑛] 

ℎ𝑖 𝑛 =
sin (

𝜋𝑛
𝐿
)

𝜋𝑛
𝐿

 

𝑥𝑖 𝑛 =  𝑥 𝑘
sin (

𝜋(𝑛 − 𝑘𝐿)
𝐿

)

𝜋(𝑛 − 𝑘𝐿)
𝐿

∞

𝑘=−∞

 

ℎ1 0 = 1 
ℎ𝑖 𝑛 = 0,    𝑛 = ±𝐿,±2𝐿,… 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Linear Interpolation 

ℎ𝑙𝑖𝑛 𝑛 =  1 −
𝑛

𝐿
, 𝑛 ≤ 𝐿

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

For 𝐿 = 5 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Linear Interpolation 

𝑥𝑙𝑖𝑛 𝑛 =  𝑥𝑒 𝑘 ℎ𝑙𝑖𝑛[𝑛 − 𝑘]

∞

𝑘=−∞

 

=  𝑥 𝑘 ℎ𝑙𝑖𝑛[𝑛 − 𝑘𝐿]

∞

𝑘=−∞
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Linear Interpolation 

𝐻𝑙𝑖𝑛 𝑒𝑗𝜔 =
1

𝐿

sin (𝜔𝐿/2)

sin (𝜔/2)

2 
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Up-Sampling (Increasing the Sampling Rate) 

Frequency Domain Representation of Up-Sampling 

Linear Interpolation 

• If the original signal is sampled at the Nyquist rate, linear interpolation 
will not be very good, since the O/P of the filter will contain 

considerable energy in the band 
𝜋

𝐿
< 𝜔 ≤ 𝜋. 

• If the original sampling rate is much higher than Nyquist rate, then the 
LI will be more successful in removing the frequency-scaled images of 
𝑋𝑐(𝑗Ω) at multiples of 2𝜋/𝐿. 
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