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DT Processing of CT Signals

« DT Systems are commonly used to process CT signals.
 This is generally achieved by a system shown below.

I c/D . Diﬂf:f:uf-limu > e :
x,.(r) : .r[nj Sys-al v[n] 1 v,(r)
| t 1 :'
| r T }
* The overall system IS equivalent to a CT system since it has a CT input x.(t) and
a CT output y,-(t).

* The properties of the overall system depend on the choice of the sampling rate
1/T and the DT system.

« Although not essential, we assume the same T for C/D and D/C.

Q
 To avoid aliasing, x.(t) should be band-limited i.e., Qy < —.
« |f that is not the case, an anti-aliasing filter can be used before the C/D converter.
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DT Processing of CT Signals

Summarizing the C/D converter

* The C/D converter takes a CT Input x.(t)and produces a DT signal

x[n] l.e.,

signal 1.e.,

x[n] = x.(nT)
* The DTFT of the output signal is related to the CTFT of the input

re) =1y ki

w 21k

T

T

)

(15)
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DT Processing of CT Signals

Summarizing the D/C converter

* The D/C converter takes a DT input y[n] and reconstructs a CT signal y,.(t)
l.e.,

. t—nT
Vr(t) = Yme—oo YN i Et(_n@) ) (16) (Recall Eqg. (13), Lecture 3)

T

* The CTFT of the output signal is related to the DTFT of the input signal I.e.,
Y.(jQ) = H.(GOY (/)| (17) (Recall Eqg. (14), Lecture 3)

jQr T
Y (i) = {TY(e ), lal <
0, otherwise

(17a)
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DT Processing of CT Signals

Relating the O/P sequence y[n] to the I/P sequence x[n]

» Or equivalently, Y (e/%) to X (e/®)
* Let us consider that the DT system is LTI.
* We know that for an LTID system,

V(el*) = H(e/*)X(e)®)

(18)
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DT Processing of CT Signals

The behaviour of the cascade system

« Combining Eq. (17) and Eq. (18),

Y,(jQ) = H.GOH(e/M)X(e/T)|  (19)
 Also using Eq. (15) with w = QT

%G9) = HGOH(EM) IS o X (j(2-25))| (@0

T

. IfXC(le) = (0 for [Q] = % , then the ideal reconstruction filter H,.(jQ) cancels the
factor; and selects only the term in Eq. (20) for k = 0; I.e.,

Y, (0) = {H(ejm)xcm)’ ol <7
" 0, otherwise

(21)
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DT Processing of CT Signals

The behaviour of the cascade system

* If X.(jQ) Is band-limited and the sampling rate is above the Nyquist
rate, the output Is related to the input through an equation of the form

Yr(iﬂ) — Heff(iQ)Xc(jQ)

Here,

(22)

Hepr () = {

1 T
H(QJQT), |.Q.| <;

0, otherwise

(23)

S0 the overall CT system is equivalent to an LTIC system whose
effective frequency response is given in Eq. (23).
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.4 (Ideal CT LP Filtering using a DT LP Filter)

Consider the following cascade system.

Discrete-time
x[n] System v[n]

et the LTI DT System have the frequency response

: 1 lw| < w
]a) f— ¢ C
H(e ) {0, W< |lw| <m
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.4 (Ideal CT LP Filtering using a DT LP Filter)
* Asitisa DT system, the FR Is periodic with period 2m

| H(e™)

1

|
iy P

 For a BL I/P sampled above the Nyquist rate, according to Eqg. (23),

the overall system will behave as an LTI CT system with FR
1r |-QT| < W, or |.Q| < & H. (&)

. T
Hepp () = W '
0, w.< |QT| or = < Q] o 0
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.4 (Ideal CT LP Filtering using a DT LP Filter)
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.4 (Ideal CT LP Filtering using a DT LP Filter)

* The Ideal DT LPF with DT cut- off freq. We has the effect of an ideal
LPF with cut-off freq. Q, = — When used In the cascade configuration
used in this lecture.

* This cut-off freqg. depends both on w, and T.

By using a fixed DT LPF, but varying the sampling period T, an
equivalent CT LPF with a variable cut-off freg. can be implemented.

* E.g., If T Is chosen such that Qy T < w,, then the O/P would be
Yr(t) = Xc(t)
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.4 (Ideal CT LP Filtering using a DT LP Filter)

 To avoid aliasing, It is required that:
(2 — QNT) > w,
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DT Processing of CT Signals

The behaviour of the cascade system

Example 4.5 (DT Implementation of an Ildeal CT BL Differentiator)
The ideal CT differentiator Is defined by

d
yc(t) — E [xc(t)]
with FR
H.(jQ) = jQ
For the CT cascade system with BL input, the effectivg FR H, () IS
Herr(jQ) = 7, 0] < T
0, otherwise
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.5 (DT Implementation of an Ideal CT BL Differentiator)

L (7 A2)
T ‘-”rL”[}”]
r -
M R
7
’ m (
m T (1 ™ T
T r 2
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.5 (DT Implementation of an Ideal CT BL Differentiator)

To obtain the corresponding DT system, use w = QT. So,

H(el®) =12

, wl <
- o]

| H(e™)

L H(e™)
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.5 (DT Implementation of an Ideal CT BL Differentiator)

The IR of the DT system Is
TTNCOSTTN — SINTN

h[n] = p—r , —o<Nn< o
Or
(0, n=200
— Jcosmn
hln] = , n+0
. nT
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DT Processing of CT Signals

The behaviour of the cascade system

Example 4.6 (lllustration of EX. 4.5 with Sinusoidal 1/P)
Let the I/P In EX. 4.5 be

x.(t) = cos(Qyt) with Q, < %
x[n] = cos(wyn), wog =0T <m
DTFT in terms of (),

T
X(eT) =2 [n8(Q - 0y — kQg) + m8(@ + 0 — kQy)
k=—o0
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.6 (lllustration of EX. 4.5 with Sinusoidal 1/P)

When we focus on the baseband fregs. —% <0< % we obtain
X(e/) = Z8(Q — Qo) +78(Q + Q), for [Q] <7

In terms of w, using the property & (%) = T§(w),
X(ej“)) =nd(w — wy) + 16 (w + wy), for |w| <=
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.6 (lllustration of EX. 4.5 with Sinusoidal 1/P)
The DTFT of the output of the DT systemis
Y(ef‘”) = H(ef“’)X(ef“))
Jw
Y(ef“)) = [T6(w — wy) + 6 (w + wy)]

Y(e/®) = ]nw°5(a) W) — ]n;ood(a)+a)0), lw| <7
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DT Processing of CT Signals

The behaviour of the cascade system
Example 4.6 (lllustration of Ex. 4.5 with Sinusoidal I/P)

The CTFT of the output of the overall CT cascade System, for |Q| < =
Y, (jQ) = H.(jY(e/T) = TY(efQTs
w w
=T [JHT 0 §5(QT — Q,T) — 1220 5(QT + Q,T)
_ jT[(,()O 1 jTl,'(,()O 1
-7 (T) (0 - 05) -2 (T) 5@+ 00)
= jQoms(Q — Q) — jQmS(Q + Q)

And the Inverse CTFT is

1\ . 1 :
yr () = jQo (E) e/t — jQ, <E> et = —Qysin(Qot)

Which is the derivative of the input.
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DT Processing of CT Signals

Impulse Invariance

« Suppose we have a system as shown

to right.
e |_et us demand that,

Continuous-lime
— LTI system
x.(r) h (1), H.(ji1) v.(1)

|
: Discrete-lime :
—_———] [} - LTI svstem - D - -
] ](() v (1) { v|n| hin). H(e™) v|n] { : v, (1) A£)
jJw —_ J |
H(e )_HC(T)' lw| <@ (24) T L
L R e
H(iQ) =0, Q] =2 (25)
Figure 4.15 (a) Continuous-time LTI system. (b) Equivalent system for bandlim-
ited inputs
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DT Processing of CT Signals

Impulse Invariance
* When Eq. (24) and Eq. (25) hold,
hin] = Th.(nT) (26)

H(e/®) = H, (%) lw| <w (263)

* The above equations hold for band-limited signals.
* Hence, the impulse response of the DT system is a scaled, sampled, version of h.(t).

* When Eq. (26) holds, the DT system is said to be the impulse invariant version of the
CT system.
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DT Processing of CT Signals

Impulse Invariance
Example 4.7 (DT LPF obtained using Impulse Invariance)

Given:
FR of a CT System: H.(jQ) = {O, (otgerwise
In(Qat
IR: he(t) = 22
tt
Find:

IR of a DT System: h|n]
sin(QynT) sin(wgn)
hin] =Th.(nT) =T =
nnT n

: 1 lw| < w
. JwY) — ) Cc
FR: H(e ) {O, w.< |lw| <m
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DT Processing of CT Signals

Impulse Invariance
Example 4.8 (Impulse Invariance Applied to CT Systems with Rational TFs)

Given:

IR: h.(t) = AeSotu(t)
SF: H.(s) = <

S—So

To Do: Apply Impulse Invariance
h[n] = Th.(nT) = AeSoT™y[n]

AT
TF: H(z) = PR
1 AT
. ]w) — .
FR: H(e — T
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DT Processing of CT Signals

Impulse Invariance
Example 4.8 (Impulse Invariance Applied to CT Systems with Rational

TFs)

» Here Eqg. (26a) does not hold exactly, as the original CT system did not have a strictly
BL FR.

* Hence, resulting DT FR is an aliased version of H.(j{).
* The effect of aliasing may be small.

« Hence, one approach to the DT simulation of CT system and to the design of Digital
filters is through sampling of the IR of a corresponding analog filter.
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Practice Problems

Problems: 4.5, 4.6,4.12,4.13, 4.19 — 4.28 (Oppenheim)
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